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The genesis of the Curie-Weiss magnetic response observed in most transition metals that are
Fermi liquids at low temperatures has been enigma for decades and has not yet been fully explained
from microscopic principles. We show on single-impurity Anderson model how the quantum dynam-
ics of strong electron correlations leads to the Curie-Weiss magnetic susceptibility sufficiently above
the Kondo temperature. Such a behavior has not yet been demonstrated and can be observed only
when the bare interaction is substantially screened (renormalized) and a balance between quantum
and thermal fluctuations is kept. We set quantitative criteria for the existence of the Curie-Weiss
law.
PACS numbers: 72.15.Qm, 75.20.Hr
Introduction
The Curie law for paramagnetic low-temperature sus-
ceptibility χ = C/T was derived by using the concept of
local magnetic moments [1]. Later on, Weiss extended
the Curie law to χ = C/(T − Tc) by introducing an in-
teraction between atomic magnetic moments in order to
cover transitions to the ferromagnetic state at Tc [2]. This
Curie-Weiss law well reproduces the magnetic response
of insulating materials with fixed spin moments and no
relevant charge fluctuations.
The metallic (itinerant) magnetism was first described
by Bloch in terms of electron waves [3] to which Stoner
later added a mean-field description of electron correla-
tions [4]. Such a static, weak-coupling theory with no
local moments leads to Pauli paramagnetism at low tem-
peratures and cannot account for the Curie-Weiss behav-
ior when the critical temperature lies below the Fermi
energy of the degenerate Fermi gas [5].
A wave of efforts arose to understand the origin of the
Curie-Weiss magnetic response in systems without the
apparent presence of local magnetic moments [6]. First
theory that qualitatively correctly reproduced the Curie-
Weiss law in weak ferromagnetic metals was proposed
by Moriya and collaborators. They introduced a self-
consistent theory for the local magnetic susceptibility by
including static spin fluctuations [7–14]. Although the
theory was able to interpolate between the weak ferro-
magnetic and local moment pictures of itinerant mag-
netism, it missed the strong-coupling limit and did not
provide a consistent thermodynamic and conserving ap-
proximation. Neither did it clearly explain the micro-
scopic origin of the Curie-Weiss behavior.
The modern approach to strongly correlated electrons
based on the dynamical mean-field theory (DMFT) was
used to derive an implicit form of the Curie-Weiss law
from local dynamical fluctuations [15] and in combina-
tion with the local density functional also reproduced
the critical behavior around the ferromagnetic transition
of iron and nickel [16]. Although DMFT suggested that
local dynamical fluctuations may be responsible for the
Curie-Weiss law, the microscopic mechanism behind it
has not been disclosed.
The reason for the failure of DMFT to identify the
origin of the Curie-Weiss law is the lack of two-particle
renormalization, that is, a self-consistent determination
of the screening of the bare interaction. The simplest
systematic theory with two-particle renormalizations is
the parquet construction [17, 18]. It is in its full general-
ity, however, not analytically controllable and it does not
reproduce the strong-coupling Kondo limit of the single-
impurity Anderson model (SIAM) correctly [19, 20].
The way out from this trap of complexity with lit-
tle analytic control is to reduce the parquet scheme.
One has to keep its substantial part, the two-particle
self-consistency, so that to interpolate qualitatively cor-
rectly between the weak- and strong-coupling regimes in
a controlled way. One of the present authors has de-
veloped such an analytically controllable scheme qual-
itatively correctly interpolating between the weak and
strong coupling in SIAM [1–3, 22, 24]. Since the parquet
approach leads to Fermi liquid at low temperatures of
SIAM, it is necessary to extend this approach properly to
higher temperatures and beyond the Fermi-liquid regime.
We succeeded to do so and introduced the Kondo temper-
ature as a point at which the thermal fluctuations equal
the quantum, zero-temperature ones and above which the
Fermi-liquid description breaks down [4].
The aim of this Letter is to disclose the origin of the
Curie-Weiss law in strongly correlated electron systems.
We show that local dynamical fluctuations due to strong
electron correlations generate the Curie-Weiss magnetic
response in metallic systems. The necessary constituents
of the explanation of the Curie-Weiss law in itinerant
systems are i) two-particle self-consistency renormalizing
the interaction strength, ii) reliable interpolation between
weak and strong coupling, and iii) balance between local
quantum and thermal fluctuations. All these conditions
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2are met in our reduced parquet scheme [3, 4]. We ap-
ply it to SIAM as the generic model to demonstrate how
the dynamical forming of the local magnetic moment in
strong coupling together with thermal fluctuations lead
to a non-Fermi-liquid behavior and the Curie-Weiss sus-
ceptibility above the Kondo temperature. Our findings
have the general relevance and hold for extended systems
with critical magnetic fluctuations as well. We prove that
the Curie-Weiss law is generally caused by local dynam-
ical fluctuations while the spatial fluctuations affect the
region of its validity.
Reduced parquet equations
The strong-coupling limit of the spin and charge sym-
metric state of SIAM at low temperatures (Kondo limit)
stands for a model situation of the dynamical forming of
the local magnetic moment. The spectral function dis-
plays a three-peak structure with an exponentially nar-
row central quasiparticle peak. The width of the central
peak is proportional to the inverse lifetime of the pair
of the electron with a given spin and the hole with the
opposite spin. That is why the Kondo limit of SIAM is
the simplest situation where the long-lived local magnetic
moment can lead to the Curie-Weiss magnetic response.
The Hamiltonian of SIAM is
ĤI =
∑
kσ
(k)c†kσckσ + Ed
∑
σ
d†σdσ
+
∑
kσ
(
Vk d
†
σckσ + V
∗
k c
†
kσdσ
)
+ Un̂d↑n̂
d
↓ . (1)
The conduction electrons can be projected out, which
leads to a band of energy states on the impurity. The
effect of the conduction electrons can be approximated
by a shift ∆ = 2piV 2ρc of the imaginary part of the bare
impurity propagator, where ρc is the density of states of
the conduction electrons at the Fermi energy.
One has to directly approach the two-particle re-
sponse and vertex functions when looking for a specific
behavior of the magnetic susceptibility. We hence use
the diagrammatic perturbation theory for the full two-
particle vertex
Γ(iωn, iωn′ ; νm) = Λ(iωn, iωn′+m)
+ K(iωn, iωn′ ; iνm) , (2)
where Λ and K are irreducible and reducible vertices in
a specific two-particle scattering channel, respectively.
We use this decoupling in the singlet electron-hole chan-
nel with non-singular Λ and possibly singular K in the
strong-coupling limit.
We need to use a non-perturbative approximation for
the irreducible vertex Λ to control the critical behav-
ior of K. It will be achieved via a two-particle self-
consistency of the parquet equations. Their complete
K = − Λ
 Λ + K

FIG. 1. The Bethe-Salpeter equation for the reducible vertex
K with the irreducible vertex Λ as the integral kernel in the
singlet electron-hole channel.
Λ = − K Λ
FIG. 2. The reduced Bethe-Salpeter equation in the electron-
electron channel for the irreducible vertex Λ with the integral
kernel determined by the reducible vertex K. The vertical
wavy line is the bare Hubbard interaction.
form contains three coupled two-particle scattering chan-
nels and their solution can be reached only numerically in
the Matsubara formalism [20, 27–30]. The electron-hole
singlet and triplet channels generate the same singular-
ity in the two-particle vertex. We can hence neglect one
of them without qualitatively affecting the critical be-
havior of the two-particle vertex. This is why we can
resort only to two-channel parquet equations. Neither
the three channel nor the two-channel parquet equations
lead to to the Kondo behavior in their unrestricted form
[31]. They also fail to guarantee that the strength of
the electron repulsion is determined only by the present
charge densities [32]. There is hence no urgent need to
solve the parquet equations exactly, since they rrepresent
an approximate solution. That is why we introduced a
reduced set of the two-channel parquet equations with
the singlet electron-hole and electron-electron multiple
scatterings. The corresponding Bethe-Salpeter equation
in the electron-hole channel is graphically represented in
Fig. 1. To reach the critical region of the weak-coupling
pole of the random-phase approximation (RPA) in K we
reduce the Bethe-Salpeter equation for the irreducible
vertex Λ in the electron-electron channel to an equation
represented diagrammatically in Fig. 2 [3]. Only in this
way the two-particle self-consistency is maintained and
we can analytically continue the weak-coupling critical
behavior to the strong-coupling Kondo regime.
Mean-value approximation
The reduced parquet equations represented in
Figs. 1, 2 can be solved with unrestricted frequency de-
pendence of the vertices only numerically in the Matsub-
ara formalism. Since we are mainly interested in the crit-
3ical behavior of the two-particle vertex we can simplify
its frequency dependence. We can neglect all finite non-
critical fluctuations and keep only the dominant critical
dynamics of the reducible vertex K. In the spirit of the
mean-value theorem we can simplify the reduced parquet
equations to a mean-field like self-consistent equation for
the static irreducible vertex in the electron-hole channel
Λ, an effective screened interaction, [3]
Λ =
U
1− Λ2φ(0)X (3)
where the electron-hole bubble is
φ(ω+) = −
∫ ∞
−∞
dx
2pi
f(x) [G(x+ ω+) +Gσ(x− ω+)] ,
×=G(x+) (4)
and ω+ = ω+i0
+ denotes the way the real axis is reached
from the complex plane. The electron-electron multiple
scatterings from vertex K contribute to the screening of
the interaction strength via integral X that we decom-
pose into quantum and thermal contributions, X0 and
∆X, respectively
X0 = −
∫ ∞
−∞
dx
pi
f(x)=
[
G(x+)G(−x+)
1 + Λφ(−x+)
]
, (5a)
∆X =
∫ ∞
−∞
dx
pi
< [Gσ(x+)G−σ(−x+)]
sinh(βx)
×=
[
1
1 + Λφ(−x+)
]
. (5b)
We used an equality f(x) + b(x) = 1/ sinh(βx). We
straightforwardly used analytic continuations of summa-
tions over Matsubara frequencies to spectral integrals
with Fermi, f(x) = 1/(eβx + 1) and Bose, b(x) =
1/(eβx − 1), distributions. We use the bare Green func-
tion of SIAM G(ω±) = 1/(ω−EF −Un/2± i∆), where n
is the charge density. We showed that we reproduce the
exact Kondo limit qualitatively correctly with this prop-
agator [2, 3]. The Kondo strong-coupling criticality is
manifested at half filling, that is n = 1 and EF = −U/2,
to which we resort.
The resulting approximation with the renormalized
interaction Λ has a well established analytic structure.
It is easily numerically solvable for the whole range of
the interaction strength and leads to thermodynamic
and spectral properties defined analogously as in RPA.
The major difference to RPA is that the renormalized
vertex Λ significantly decreases the critical interaction
of RPA, Uc = pi∆, and never crosses it in SIAM.
Its strong-coupling asymptotics at zero temperature is
Λ
.
= pi∆ [1− exp{−U/pi∆}] [3]. This approximation also
qualitatively correctly interpolates between the low and
high temperatures [4]. Although the effective interac-
tion Λ is a constant, it was not derived from a static
approximation. It can be seen from Eq. (3) where the
value of Λ is determined from the zero-frequency limit of
the dynamical electron-hole bubble φ(ω). The dynamical
part of this bubble significantly renormalizes the multiple
scatterings in the electron-electron scattering channel in
integral X from Eq. (5). That is why this approxima-
tion contains the dominant dynamical fluctuations in the
critical region of the singularity of the full two-particle
vertex.
The static thermodynamic susceptibility in this ap-
proximation has a simple, mean-field-like representation
χ
µ0µ2B
= − 2φ(0)
1 + φ(0)Λ
, (6)
where µ0 is the permeability of vacuum and µB is the
Bohr magneton. We introduce a dimensionless Kondo
scale a, the denominator of the susceptibility that mea-
sures the distance from the critical point at which it
would vanish. The equations for the Kondo scale and
the effective interaction from Eq. (3) then are
a = 1 + φ(0)Λ , (7a)
Λ =
1
2X(1− a)
[√
1 + 4(1− a)UX − 1
]
. (7b)
The approximation defined by Eqs. (7) with Eqs. (4)-
(5) leads to a Fermi liquid at low temperatures as ex-
plicitly demonstrated in the Supplemental Material (SM)
[33]. The Curie-Weiss susceptibility may hence be ob-
served only at higher temperatures. The full numerical
solution of these equations at non-zero temperatures is
unsuitable for identifying the microscopic origin of the
Curie-Weiss magnetic susceptibility. To find it with its
limits of validity we approximate the integrals with the
Fermi and Bose distribution functions via simple alge-
braic forms in low (|ω| < 2/β) and high (|ω| > 2/β) fre-
quency regions, see Eqs. (4) in [33]. We obtain explicit
expressions with this approximation for all the needed
frequency integrals. The electron-hole bubble explicitly
is
φ(0)
.
= − β
2pi
arctan
(
2
β∆
)
. (8)
We further approximate the dynamical electron-hole
bubble via its low-frequency asymptotics and use 1 +
Λφ(ω+)
.
= a− iωA/∆ to obtain also explicit representa-
tions for the X-integrals. This approximation is justified
in the critical region of the Kondo limit, a  1. Us-
ing the same simplification of the frequency integral with
the Fermi function we obtain a self-consistent equation
for the expansion parameter A, see [33],
A
.
=
Λ
4pi∆
[
β∆ arctan
(
2
β∆
)
+
2β2∆2
4 + β2∆2
]
. (9)
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FIG. 3. The order-of-magnitude lower bound on the interac-
tion strength above which we can expect the Curie-Weiss mag-
netic susceptibility as defined on the left-hand side of Eq. (11).
The bound increases fast with the increasing temperature.
All the two-particle parameters used in this approxima-
tion, Λ, A, and X are functions of the Kondo scale a
determined at the end from Eq. (7a). Its temperature de-
pendence is decisive for the determination of the Curie-
Weiss behavior. Both the temperature and the Kondo
scale must be small. The full expressions for the inte-
grals X0 and ∆X are given in [33]. They reduce in the
Kondo limit a→ 0 and in the leading order of T → 0 to
∆X
.
=
2
piβa∆2
arctan
(
A
βa∆
)
, (10a)
X0
.
=
1
piA∆
ln
(
A
a
)
. (10b)
The low-temperature asymptotics in the Kondo limit
depends on the behavior of parameter A/βa∆. It is ev-
ident from Eq. (10a) that the Fermi-liquid regime cor-
responds to the low-temperature limit βa∆  A with
A → 1 for β∆ → ∞. More interesting is, however,
the other limit βa∆  A that may lead to a linear de-
pendence of the Kondo scale on temperature and to the
Curie-Weiss behavior. The Kondo scale at non-zero tem-
peratures becomes small and βa∆ 1 only if
U  8pi∆
β∆ arctan
(
2
∆β
) [
β∆ arctan
(
2
β∆
)
+ 2β
2∆2
4+β2∆2
] ,
(11)
as derived in [33]. The lower bound UL on the interaction
strength increases significantly with increasing tempera-
ture as shown in Fig. 3.
The low-temperature magnetic susceptibility above
the Kondo temperature can in this regime be approxi-
mated by an asymptotic formula, [33],
χ
µ0µ2B
=
Uβ3∆2
4pi3kB
arctan3
(
2
β∆
)
T +
β2∆2
4pi2kB
arctan2
(
2
β∆
)
Ue−U/pi∆
, (12)
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FIG. 4. The inverse magnetic susceptibility calculated from
the exact formula, Eq. (6) (solid lines), and from the asymp-
totic form, Eq. (S31) (dashed lines), for two values of the
interaction strength, U/∆ = 20, 60, blue and red lines, re-
spectively. The inset shows the temperature dependence of
the ratio of the Curie constants C/C0.
which reduces to the Curie-Weiss form if the effective
local moment C = µ0µ
2
BU∆
2β3 arctan3 (2/β∆) /4pi3kB
only weakly depends on temperature. It is the case if
β∆  2, which defines the order of the upper limit on
the validity of the Curie-Weiss law. The lower bound for
the validity of the Curie-Weiss law is the Kondo temper-
ature TK defined from equality of quantum and thermal
fluctuations expressed by an equation ∆X = X0 [4]. The
magnetic susceptibility is then well approximated by the
Curie-Weiss law if ∆X  X0, which sets the lower tem-
perature bound. The order-of-magnitude temperature
bounds on the validity of the Curie-Weiss law in SIAM
are
∆
2
 kBT  U
pi2
e−U/pi∆ . (13)
The Curie-Weiss susceptibility exists only in strongly
correlated systems and sufficiently above the Kondo tem-
perature but still at low temperatures, small fractions of
the bandwidth, as demonstrated in Fig. 4. We can see a
very good agreement of the asymptotic expression from
Eq. (S31) and the full numerical solution for interactions
U > 20∆. Although we may observe almost linear tem-
perature dependence of the inverse susceptibility also at
rather high temperatures, its origin there is no longer in
the critical behavior of the magnetic transition at which
the Kondo scale vanishes, a = 0.
Extended systems
The reduced parquet approximation can straightfor-
wardly be extended to lattice systems. The dynamics of
the two-particle functions is then determined not only by
frequency but also momentum fluctuations. That is, the
5dynamical variable in the two-particle integrals changes
from ω to (q, ω). The Kondo scale becomes momentum
dependent, a → a(q) = a + Dq2 and the denominator
of the the low-energy asymptotics of the dynamical sus-
ceptibility transforms to 1 + Λφ(ω) → 1 + Λφ(q, ω) .=
a+Dq2 − iAω/∆. Momentum integrals change the low-
temperature dependence and magnetic transitions with
a = 0 at non-zero temperatures may occur in dimensions
d > 2. The Curie-Weiss behavior can be observed on
an interval of temperatures on which the effective Curie
constant C does not change much from its value at the
critical point. The Kondo scale in extended systems is
inversely proportional to the spatial correlation length ξ,
a = ∆2/ξ2. The results for extended systems are com-
patible with the Mermin-Wagner theorem [34]. No long-
range order exists for dimensions d = 1, 2, which makes
the reduced parquet equations a suitable and affordable
approximation for studying critical instabilities in realis-
tic systems.
Conclusions
There is no transition to the magnetic state in SIAM
and that is why the Curie-Weiss law sets only for ex-
tremely strong interaction strengths, above the Kondo
temperature, and beyond the Fermi-liquid regime. It
is also the reason why the Curie-Weiss law has not yet
been demonstrated in SIAM. The strong-coupling Kondo
limit of SIAM is, however, a paradigm for the explana-
tion of the Curie-Weiss magnetic response in metals. Our
analysis has therefore a general significance beyond the
impurity models. We can draw general conclusions if
we appropriately interpret the scales used in SIAM. The
Kondo scale is generalized to ac = (T −Tc)/TF , where Tc
is the magnetic critical and TF the Fermi temperature.
Further on, ∆ ∼ kBTF and A ∼ ΛpiNF with NF the
density of states at the Fermi energy. The critical mag-
netic response in metallic systems is controlled by the
generalized Kondo scale ac. The smaller the ratio Tc/TF
is, the longer is the temperature interval with the Curie-
Weiss susceptibility above the critical temperature. The
Curie constant C is proportional to the bare interaction
U while the critical temperature Tc to the renormalized
vertex Λ. The Curie-Weiss behavior in metallic systems
is hence most pronounced for broad-band systems with
strong but significantly screened electron interaction.
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Low-frequency approximation
We need to evaluate integrals in Eqs. (4) and (5) of the
main text. We use the low-frequency approximation in
calculating the electron-hole bubble φ(ω+) in the Kondo
regime, where the Kondo scale a = 1 + φ(0)Λ  1. We
then replace 1 + φ(ω±)Λ ≈ a ∓ iAω/∆. Such an ap-
proximation is well justified in the critical region of a
singularity for a = 0 with the pole in the Bethe-Salpeter
equation in the electron-hole channel.
We denote
g = φ(0) =
∫ ∞
0
dx
pi
tanh
(
βx
2
)
= [G(x+)2] (S1)
We use the bare Green function G(x+) = 1/(x + i∆) to
evaluate the integrals defining the parameters to be de-
termined in the reduced parquet equations. We showed
in our previous publications that the unperturbed Green
function used in the perturbation expansion gives the
best and qualitatively correct estimate for the Kondo
strong-coupling asymptotics in SIAM [S1–S3]. The re-
sults for the X integrals from Eqs. (5) of the main
text in the low-frequency approximation 1 + Λφ(ω+)
.
=
a− iωA/∆ are
X0 = −
∫ ∞
0
dx
pi
tanh
(
βx
2
)
× <
[
G(x+)
2
]
Ax+ = [G(x+)2] a
a2 +A2x2/∆2
(S2a)
and
∆X = −2A
pi
∫ ∞
0
dx x
sinh(βx)
< [G(x+)2]
a2 +A2x2/∆2
. (S2b)
The expansion parameter of this low-frequency approxi-
mation is
A =
βΛ∆
2pi
∫ ∞
0
dx
cosh2(βx/2)
|=G(x+)|2 . (S3)
These integrals are the input for the self-consistent
Eqs. (7) of the main text.
Temperature behavior
The integrals to be evaluated contain trigonometric
functions preventing us from obtaining explicit analytic
results. We can use interpolation formulas with linear
fractions replacing the spectral functions in the regions
of low and high frequencies. We use the following ap-
proximation∫ ∞
−∞
dxf(x)F (x) =
∫ ∞
0
dx [F+(x)
− tanh
(
βx
2
)
F−(x)
]
→
∫ ∞
0
dxF+(x)
− β
2
∫ 2/β
0
dxxF−(x)−
∫ ∞
2/β
dxF−(x) , (S4a)
for the Fermi integral and∫ ∞
−∞
dxb(x)F (x) = −
∫ ∞
0
dx [F+(x)
−cotanh
(
βx
2
)
F−(x)
]
→ −
∫ ∞
0
dxF+(x)
+
2
β
∫ 2/β
0
dx
x
F−(x) +
∫ ∞
2/β
dxF−(x) , (S4b)
for the Bose integrals. We introduced symmetric and
antisymmetric functions, F+(x) =
1
2 [F (x) + F (−x)] and
F−(x) = 12 [F (x)− F (−x)]. These approximate formulas
well reproduce the integrals with the Fermi and Bose
distribution functions from low to high temperatures, see
Fig. S1.
The explicit approximate analytic expressions for the
integrals in Eqs. (S1)-(S3) are
g
.
= − β
2pi
arctan
(
2
β∆
)
, (S5a)
A
.
=
Λ
4pi∆
[
β∆ arctan
(
2
β∆
)
+
2β2∆2
4 + β2∆2
]
, (S5b)
X0 =
1
2pi (A− a)2
{
A
∆
ln
A2
(
4 + β2∆2
)
4A2 + β2a2∆2
+ βa
[
arctan
(
2
β∆
)
− arctan
(
2A
βa∆
)]}
(S6a)
and
∆X =
2A
pi∆(A2 − a2)
[
A2 + a2
A2 − a2
A
βa∆
arctan
(
A
βa∆
)
− 2A
2
A2 − a2
1
β∆
arctan
(
1
β∆
)
− 1
1 + β2∆2
]
, (S6b)
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FIG. S1. Exact (solid line) and approximate (dashed line) representations of tanh(βx/2) from Eq. (S4a), left panel, cotanh(2/βx)
from Eq. (S4b), right panel, for two temperatures kBT = ∆, 0.1∆, blue and red lines, respectively. The algebraic representation
fits the Fermi and Bose distributions quite well for all temperatures, but it is extremely good for low and high ones.
The algebraic approximation for the Fermi and Bose dis-
tribution functions used to reach the above analytic ex-
pressions proves to be very accurate, in particular in the
Kondo limit a  1 as shown in Fig. S2 for integrals X0
and ∆X.
We are interested in the low-temperature, β∆ → ∞,
together with the strong-coupling, a → 0, limit. It fol-
lows from the above expressions that the quantity decid-
ing how this limit looks like is βa∆. We find two asymp-
totic regimes, βa∆ → ∞ and βa∆ → 0. The former
limit leads to Fermi liquid, while the latter to a mag-
netic criticality with the Curie-Weiss susceptibility. The
Fermi liquid is recovered for ∆X  X0 while the Curie-
Weiss for the opposite limit, ∆X  X0 for sufficiently
low temperatures.
Fermi-liquid regime
The zero-temperature solution in the analytic low-
frequency approximation is
g0 = − 1
pi∆
, (S7a)
A0 =
Λ0
pi∆
, (S7b)
X0 =
1
(Λ0 − pia0∆)2
[
Λ0 ln
(
Λ0
pia0∆
)
− (Λ0 − pia0∆)
]
,
(S7c)
Λ0 =
1
2(1− a)X0
[√
1 + 4(1− a)UX0 − 1
]
, (S7d)
a0 = 1− Λ0
pi∆
. (S7e)
The subscript 0 refers to the values at zero temperature.
The leading temperature contribution is quadratic,
δT = 1/β
2∆2. We first evaluate the explicit temper-
ature dependence for fixed self-consistent parameters,
g,X = X0 + ∆X,A, a,Λ. We obtain
δT g =
4
3pi
1
β2∆3
, (S8a)
δTA = − 8Λ0
3pi∆
1
β2∆2
, (S8b)
δTX = −4 (Λ0 − pia∆)
3pi2∆2
1
β2∆2a2
. (S8c)
To add the temperature dependence of the self-
consistent parameters we need to evaluate partial deriva-
tives, all taken at T = 0. We use the derivatives with
respect to the Kondo scale a and the effective interaction
Λ. Parameter A can be determined explicitly and does
not enter the self-consistency at low-temperatures. The
derivatives of the X integral are
δX0
δa0
=
pi∆
(Λ0 − pia∆)3
×
[
2Λ0 ln
(
Λ0
pia∆
)
− (Λ0 − pia∆)
2
pia∆
]
, (S9a)
δX0
δΛ0
= − 1
(Λ0 − pia∆)3
×
[
(Λ0 + pia∆) ln
(
Λ0
pia∆
)
− 2(Λ0 − pia∆)
]
. (S9b)
We will also need the derivatives of the right-hand side
of Eq. (7b) of the main text with respect to parameters
a and X,
δΛ
δX
= − 1
X0
U − Λ0√
1 + 4(1− a0)UX0
, (S10a)
δΛ
δa
= − X0
1− a0
δΛ
δX
. (S10b)
The total temperature variations of A and the Kondo
scale a are fully determined by the non-self-consistent
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FIG. S2. Comparison of the exact, Eqs. (S2) (blue line), and approximate, Eqs. (S6) (red line), representations of X0, left
panel, and ∆X, right panel, for fixed parameters A = 1 and a = 0.1. The precision of the algebraic approximation of the
trigonometric functions increases with decreasing the Kondo scale a.
temperature dependence from Eqs. (S8) and the variation
of the effective interaction δΛ
δA = − 8Λ0
3pi∆
1
β2∆2
+
1
pi∆
δΛ , (S11)
δa = Λ0δT g + g0δΛ . (S12)
We determine the variation of the effective interaction
by putting together the above partial derivatives. The
result is{
1− δΛ
δX
[
δX0
δΛ0
− 1
pi∆
(
δX0
δa0
− X0
1− a0
)]}
δΛ
=
δΛ
δX
[
δTX + Λ0
(
δX0
δa0
− X0
1− a0
)
δT g
]
. (S13)
The temperature variation of the effective interaction is
positive, that is, it increases with temperature and the
renormalization of the bare interaction decreases. In the
Kondo strong-coupling limit U → ∞ and a → 0 we ob-
tain
δΛ =
4pi
3∆
eU/pi∆ k2BT
2 . (S14)
The effective interaction is, however, not a strictly mono-
tonic function of temperature. Its slope changes around
the Kondo temperature at which the thermal fluctuations
start to dominate and the low-temperature Fermi-liquid
behavior goes over into the Curie-Weiss regime [S4].
Curie-Weiss regime
The dominant thermal fluctuations contributing to
the renormalization of the bare interaction are due to
integral ∆X. They start to control the approximation
above the Kondo temperature at which X0 = ∆X. The
magnetic susceptibility may take the form of the Curie-
Weiss law only if βa∆ 1 and simultaneously β∆ 1.
If we use a dimensionless parameter
α =
1
2
[
∆β
2
arctan
(
2
β∆
)
+
β2,.∆2
4 + β2∆2
]
(S15)
then A = Λα/pi∆ and the X integrals in this limit are
X0 =
1
Λα
ln
(
Λα
pia∆
)
, (S16a)
∆X =
2
piβa∆2
arctan
(
Λα
piβa∆2
)
. (S16b)
Assuming further
Λα piβa∆2 (S17)
we obtain
X = X0 + ∆X =
1
Λα
ln
(
Λα
pia∆
)
+
1
βa∆2
. (S18)
The equations for the effective interaction and the
Kondo scale a 1 reduce to
Λ =
√
U
X
, (S19)
1 =
Ug2
X
. (S20)
We determine X and Λ from the above equations and are
left with a single equation for the Kondo scale
Ug2 =
|g|
α
ln
(
α
a|g|∆
)
+
1
βa∆2
. (S21)
The second term on the right-hand side of this equation
should dominate the first one to reach the Curie-Weiss
regime. Tat is,
|g|
α
ln
(
α
a|g|∆
)
 1
βa∆2
= Ug2 . (S22)
4The solution for the small Kondo scale in the Curie-Weiss
regime then is
a =
kBT
Ug2∆2
. (S23)
The conditions to be fulfilled to reach the Curie-Weiss
regime are Eqs. (S17) and (S22). Inserting the solution
for the Kondo scale into Eq. (S17) we obtain an upper
order-of-magnitude bound on temperature
kBT  1
pi
Uα|g| . (S24)
We obtain the lower temperature bound for the Curie-
Weiss regime from Eq. (S22) by using the solution for
the Kondo scale from Eq. (S23)
kBT  1
pi
Uα|g|∆e−U |g|α . (S25)
Next, we have to satisfy the condition for criticality
in the Kondo regime, a → 0. The Kondo scale from
quantum fluctuations and integral X0 is
a > aQ =
α
|g|αe
−U |g|α . (S26)
It is the lower bound for the Kondo scale at non-zero tem-
peratures. It is small only in the strong-coupling when
the exponent on the right-hand side is sufficiently big,
namely
U  1|g|α , (S27)
which is just Eq. (11) of the main text. The boundaries
for the linear temperature dependence of the Kondo scale
a restrict the Curie-Weiss region to a rather narrow inter-
val and for very strong interactions as shown in Fig. S3.
The magnetic susceptibility is directly connected to
the Kondo scale, Eq. (6) of the main text,
χ =
2|g|
a
. (S28)
Combining this representation with the solution for the
Kondo scale from Eq. (S23) we obtain an equation for
the effective Curie constant
C =
U |g|3∆2
kB
. (S29)
The Curie-Weiss law becomes pronounced if the Curie
constant is only weakly dependent on temperature. It is
the case when
1
kB
dg
dT
 1
∆2
. (S30)
It leads to a restriction on temperature 2kBT  ∆. It is
a stronger upper bound on the validity of the Curie-Weiss
susceptibility than that from Eq. (S24).
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FIG. S3. The Kondo dimensionless scale calculated from
Eq. (7) of the main text, blue line, and from the asymptotic
formula in the Curie-Weiss regime, Eq. (S23), red line, for
two values of the interaction strength. Linear temperature
dependence sets only on a small temperature interval and for
strong electron repulsion.
The full estimate for the low-temperature behavior
of the inverse magnetic susceptibility above the Kondo
temperature and in the region of the Curie-Weiss linear
response is
χ−1µ0µ2B =
4pi3kB∆
Uβ3∆3 arctan3
(
2
β∆
)T
+
pi∆e−U/pi∆
β∆ arctan
(
2
β∆
) , (S31)
where we shifted the origin of the linear temperature de-
pendence to the Kondo temperature to get a better fit
for the behavior colse to the Kondo temperature.
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